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Abstract—Approximate velocity profiles are developed and a new transformation is introduced to reduce the

heat transfer problem for laminar forced convection inside a diverging or converging planar symmetric duct

subjected to uniform wall temperature to the standard thermal entrance region problem of Graetz type for
flow between two parallel plates.

NOMENCLATURE

D,, equivalent diameter at z = 0, 4L;
L, half-spacing of conduit at z = 0;
D pressure;
Pe, Péclet number;
Pr, Prandtl number;
Q(y,z), flow rate defined by equation (10);
Re, Reynolds number,

u,(0)4L Un(2)46(2)

v v ’

T(y,z), temperature;
To, T, the inlet and the wall temperatures

respectively ;
u(y,z), the axial velocity component;

u,(0), u,(2), themean axialvelocity atz = Oand z,
respectively ;

v(y,z), the normal velocity component;
.2, transverse and axial coordinates;
[ AA dimensionless coordinates defined by

equations (15).

Greek symbols

a, thermal diffusivity ;
o(z), half-spacing of the channel at the
location z;
A, dimensionless half-spacing of the channel
(2)
at z, —;
L
", y/A2);
0 dimensionless temperature, ———— :
v, kinematic viscosity;
D, density.

* Permanent address: Mechanical and Aerospace
Engineering Department, North Carolina State University,
Raleigh, NC 27650, U.S.A.
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INTRODUCTION

NuUMEROUS extensions of the original Graetz problem
[1] have appeared in the literature for laminar forced
convection inside a circular tube or a parallel plate
conduit. There are also numerous practical appli-
cations in which the cross-sectional area for flow varies
with the distance along the direction of flow. Zerkle
and Sunderland [2] used approximate velocity profiles
and introduced a transformation in order to reduce the
problem of forced convection inside a circular tube
with varying cross-section to the thermal entry region
problem for a circular tube with uniform cross-section.
The transformation used by Zerkle and Sunderland is
not applicable for a planar symmetric duct of varying
cross-section. Therefore, the objective of this work is to
develop suitable velocity profiles and a new transfor-
mation that will reduce the heat transfer problem for
laminar forced convection inside a planar symmetric
duct of varying cross-section to the standard thermal
entrance region problem for forced convection be-
tween two parallel plates.

ANALYSIS

An incompressible, constant property, Newtonian
fluid at a uniform temperature T, flows in steady, fully
developed laminar flow between two thermally in-
sulated parallel plates separated by a distance 2L
before entering the heat transfer section. At the origin
of the axial coordinate, z = 0, the fluid enters the heat
transfer section with a fully developed velocity profile,
u(y). In the heat transfer section, z > 0, the cross-
sectional area for flow varies monotonically with the
distance z in the direction of flow, but retains a planar
symmetry about the z-axis. Figure 1 illustrates the
geometry and the coordinates for a converging chan-
nel ; one may similarly envisage a diverging channel. It
is assumed that the walls of the channel in the heat
transfer section, z > 0, are maintained at a uniform
temperature T,,, while the walls of the channel in the
region z < 0 are kept thermally insulated (i.e. no heat
transfer). We neglect viscous energy dissipation and
the axial heat conduction in the fluid.
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FiG. 1. Geometry and coordinate system.

The governing equations for the 2-dim. flow field are
The continuity equation

v du
— 4+ —=0. |
6y+("z ()

The momentum equation for the y-direction

dv N dv 1 ép N 3% N o )
vt lU—=—— —+ v+ |
dy oz p 0y ayr o2

The momentum equation for the z-direction

ou ou Nop. [(Pu @
a2 v<‘4:+‘“>. 3)
dy

Oy ug—

v 5
p 0z 0z

The boundary conditions for the velocity problem
are taken as

o(y,z) =0, u(y,z) =0 at y=94(z) (4a,b)

3 v\
uy. z) = Eum(o) 1 - <Z> } at z=0 (4c)
p(y,2) = po at z=0. (4d)

Neglecting the axial conduction and the viscous energy
dissipation, the temperature distribution in the fluid is
governed by the energy equation taken as

aT oT *T(y,z)

v +u—=uo
dy dz oy?

in0<y<dz),z>0 (5)

and the boundary conditions as

oT
—=0 at y=0,z>0, (5b)
cy
T=T, at y=94(z),z>0, (5¢)
T=T, at z=0,in0<y<>). (5d)

If the velocity components are determined from the
solution of equations (1)-(4), then the temperature
distribution in the fluid is determined from the so-
lution of the energy problem given by equations (5). It
is unlikely to obtain an analytic solution to the velocity

problem defined by equations (1)-(4). Therefore, we
seek an approximate method of analysis for the
velocity problem.

It is assumed that the variation of the duct cross-
section with the distance along the direction of flow is
sufficiently smooth and gradual so that the axial
component of the velocity, u(y, z), retains a parabolic
profile, but its magnitude changes to satisfy the
requirement of continuity. In the case of liquids, this
assumption is more valid for the cooling of a liquidina
converging duct or the heating of a liquid in a diverging
duct. The reason for this is that the velocity profile
becomes flatter for isothermal flow in a converging
duct while the viscosity variation during the cooling of
a liquid tends to increase the velocity in the central
region and decrease it near the walls. As a result, these
two opposing effects tend to offset each other for the
cooling of a liquid in a converging duct or conversely
for the heating of a liquid in a diverging duct.

With these considerations we choose u(y,z) in the

form
== 1 - —y ’ 1 6
u(,Va Z) zum(z) (6( )> ( )

where the mean axial velocity u,(z) at the axial
location z is related to the mean axial velocity u,,(0) at
the origin z = 0 by the continuity equation as

L
Un(z) = 53 Uen(0). M

Then the axial velocity profile u(y,z) becomes

3 L 2
uy, z) = 5um(0)%[1 - (ﬁ) } (8)

To determine the corresponding transverse velocity
component vy, z) we consider the flow rate, Q(y, z),
through a cross section area bounded by y = Oto y and
a unit depth perpendicular to the plane of the figure at
the axial location z. Then the variation of Q(y, z) across
a differential distance dz is related to v(y, z) by

_ 20(y,2) ©)

v(y,2) = 2
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and Q(y,z) is determined as

u(y,z)dy'. (10)

0

Q(y,2)=2j

(12)

Equation (8) is introduced into equation (10) and the
integration is performed
3 Ly 1/y \?
) =cu 0 —|1--(=—) | «
Q. 2) = Jua( )5(2)[ 3<5(z)> J (11)

When equation (11) is substituted into equation (9),
the transverse velocity component, u(y,z), is deter-
mined as

3 L 2

u(y,z)=—um(0)——y—2 1 (2 dé(z).

2 [8(2)] d(z) dz
Clearly, the velocity components (8) and (9) satisfy
both the continuity requirement and the velocity
boundary conditions 4(a, b, c).

Now introducing the velocity components given by
equations (8) and (12) into the energy equation (5a) we
obtain

L 271 (3 dé oT
ST O A o D LG
i(2) 4(z) 2 6z) dz Jy
3 oT orT
“U0)— > =a—.
3 )62} e

(13)
This equation is expressed in the dimensionless form as

L[y _(EY]y da o o0y _o%
A A) A dz dy T azf a5

where the various dimensionless quantities are defined
as

(14)

N
_ Y _ 32
- = —— — P
Y7o z (3 De>/e
0 1w r(ls)
and

D,=4L Pe=RePr, =2,

d A )

Equation (14) is still too complicated to solve analyti-
cally. We wish to introduce a transformation that will
remove the function A from equation (14). The follow-
ing transformation is defined:

@) =2 £ ~ j L4 (6ab)

Ay’ o A2)

Then various derivatives appearing in equation (14)
are determined by the chain rule of differentiation as

1479

(16c,d)

and

1 0

0z A% d7 on

Under the transformation (16), the energy equation
(14) simplifies to

(l—nz)g=§7—f,in0<n<l,é>0 (17a)
subject to the boundary conditions

2—:=0 at n=0,£>0, (17b)

0=0 at n=1¢>0, (17c)

0=1 at ¢£=0,in0<y< 1. (17d)

The temperature problem defined by equations (17)
is the standard Graetz type thermal entrance region
problem for flow between two parallel plates and its
solution is available [3, 4]. Knowing the temperature
distribution, the local Nusselt number is determined as
a function of the dimensionless axial variable . The
relation between ¢ and the axial variable Z is de-
termined according to equation (16b).

The foregoing analysis is valid for both converging
and diverging ducts provided that the duct profile
varies smoothly with the distance in the direction of
flow. In the case of convergent ducts, the reduction in
the duct spacing, J(z), does not give rise to an increase
in the Reynolds number, hence there will be no
eventual change of the flow regime from laminar to
turbulent. To illustrate this matter, let Q, = u,,()d(2)
be the flow rate per unit depth at axial location z and
the Reynolds number defined as Re = [u,,(z)46(2)]/v.
Then we have Re = 4Q/v, which implies that the
Reynolds number remains the same everywhere along
the duct.
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CONVECTION FORCEE LAMINAIRE DANS DES CONDUITES CONVERGENTES OU
DIVERGENTES A SYMETRIE PLANE

Résumé—Des profils de vitesse approchés sont obtenus et une mouvelle transformation est introduite pour

résoudre le probléme du transfert thermique en convection forcée laminaire dans une conduite divergente ou

convergente 4 symétrie plane, soumise 4 une température de paroi uniforme pour le probléme de la région
d’entrée thermique du type de Graetz pour I'écoulement entre deux plans paralléles.

LAMINARE ERZWUNGENE KONVEKTION IN KONVERGENTEN ODER DIVERGENTEN
EBENEN SYMMETRISCHEN KANALEN

Zusammenfassung—FEs werden Niherungen fiir die Geschwindigkeitsprofile entwickelt und eine neue

Transformation eingefijhrt, mit deren Hilfe das Wirmeiibergangsproblem fiir laminare erzwungene

Konvektion in einem divergenten oder konvergenten ebenen symmetrischen Kanal bei einheitlicher

Wandtemperatur auf das bekannte Problem der thermischen Einlaufstrémung nach Graetz fiir die
Stromung zwischen zwei parallelen Platten zuriickgefiihrt werden kann.

JJAMHWHAPHASA BbIHYXJAEHHAS KOHBEKLIUS B CXOASHIMXCA WU
PACXOAAIMXCA TJIIOCKUX CUMMETPUUYHBIX KAHAJIAX

Annotaunn — [lonyuensl npubaukeHHble NPOGHIH CKOPOCTH M NPEMIOKEHO HOBOE NpeobpaloBaHHE

I1s IPUBENIEHHS 3aa4¥ TEIUIONEPEHOCA NIPH TAMUHAPHOM BbIHYXKAEHHONW KOHBEKUMH B PACXOMSILLEMCA

HITH CXOJAIIEMCS TJIOCKOM CHMMETPHYHOM KaHajle ¢ OJHOPOAHOW TEMNEPaTypoil CTEHKH K OObIMHOMN
3agave TeroobmeHa THna I'peTua AN TeyeHMs MexAy IBYMS NapajieibHbIMH IaCTHHAMH,



